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MODULI OF POLARISED MANIFOLDS VIA CANONICAL
KA¨HLER METRICS
RUADHAI´ DERVAN AND PHILIPP NAUMANN
Abstract. We construct a moduli space of polarised manifolds which admit
a constant scalar curvature Ka¨hler metric. We show that this space admits a
natural Ka¨hler metric.
1. Introduction
One of the main goals of algebraic geometry is to construct moduli spaces of
polarised varieties, that is, varieties endowed with an ample line bundle. It has
long been understood that in order to obtain a reasonably well behaved moduli
space, one must impose a stability condition. This was the primary motivation for
Mumford’s Geometric Invariant Theory (GIT) [52]. While this was successful for
curves, it is now known that GIT techniques essentially fail to produce reasonable
moduli spaces of polarised varieties in higher dimensions [69, 58]. One way to
attempt to rectify this is to replace GIT stability with K-stability, as defined by
Tian and Donaldson [67, 24]. While K-stability is motivated by GIT, the definition
is not a bona fide GIT notion and so constructing moduli spaces of K-polystable
varieties seems to be completely out of reach in general at present.
Here we take an analytic approach, under the assumption that the polarised
variety is actually smooth. In this case K-polystability is conjectured by Yau, Tian
and Donaldson to be equivalent to the existence of a constant scalar curvature
Ka¨hler (cscK) metric on the polarised manifold [72, 67, 24]. Thus the existence of
a cscK metric can be seen as a sort of analytic stability condition. This perspective
allows us in addition to consider non-projective Ka¨hler manifolds, where by a po-
larisation we shall mean a Ka¨hler class, and where there is still an analogue of the
Yau-Tian-Donaldson conjecture [21, 19, 61, 60]. Our main result is the following:
Theorem 1.1. There exists a Hausdorff complex space which is a moduli space of
polarised manifolds which admit a cscK metric.
The moduli space satisfies the properties that its points are in correspondence
with cscK polarised manifolds, and any family of cscK polarised manifolds induces
a map to the moduli space which is compatible with this correspondence.
This represents a solution to the moduli problem for polarised manifolds, and
hence in particular smooth polarised varieties. We should say immediately that the
novelty in our construction is solely in the case of polarised manifolds admitting
continuous automorphisms. In the case of discrete automorphism group, the exis-
tence of such a moduli space is due to Fujiki-Schumacher [30]. As is well understood
in moduli problems, the case when the objects admit continuous automorphisms is
typically rather more difficult, as polystability is not an open condition, even in the
analytic topology. This is reflected for us by the fact that the existence of a cscK
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metric is not an open condition [26, 67]. We thus take quite a different approach
to the construction, which can be sketched as follows.
We begin with a fixed polarised manifold and consider its Kuranishi space. The
Bro¨nnle-Sze´kelyhidi deformation theory of cscK manifolds then gives an under-
standing of which deformations admit a cscK metric in terms of a local GIT con-
dition [11, 64]. We give a more thorough understanding of the orbits of this action
and their stabilisers, using two fundamental results: firstly, the uniqueness of cscK
metrics on a polarised manifolds up to automorphisms [23, 5]; secondly, the work
of Inoue on automorphism groups of deformations [40]. This allows us to con-
struct a local moduli space around the polarised manifold under consideration by
using Heinzner-Loose’s theory of GIT quotients of complex spaces [36]. We then
show that these local moduli spaces can be glued; the proof of this crucially uses
Chen-Sun’s deep work on the uniqueness of cscK degenerations [16].
The most fundamental property of the moduli space that we establish is its
Hausdorffness. Indeed, one of the basic reasons for using stability conditions in
moduli theory is to create Hausdorff moduli spaces, as Hausforffness fails for arbi-
trary families of polarised manifolds, even in simple cases such as Fano manifolds or
projective bundles. It is a well-known open problem to show that the moduli func-
tor of K-polystable varieties is automatically separated; what we establish is the
analytic analogue of this. A more precise version of what our techniques establish
is as follows. Define a polarised manifold to be analytically semistable if it admits a
degeneration to cscK manifold (in the sense of Definition 3.10). For example, every
cscK manifold is analytically semistable. Analytically semistable manifolds are an
analytic analogue of K-semistable varieties.
Theorem 1.2. Let C be the germ of a Riemann surface, with 0 ∈ C. Suppose
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are two polarised families such that (Y, αY)|C\{0} ∼= (Y˜, αY˜)|C\{0}.
(i) (Semistable case) If (Y0, αY0) and (Y˜0, αY˜0) are analytically semistable, then
they degenerate to the same cscK manifold.
(ii) (Polystable case) If (Yt, αYt) admits a cscK metric for all t ∈ C and (Y˜0, αY˜0)
is analytically semistable, then (Y0, αY0) ∼= (Y˜0, αY˜0).
(iii) (Stable case) If (Y0, αY0) admits a cscK metric, Aut(Y0, αY0) is discrete and
(Y˜0, αY˜0) is analytically semistable, then (Y, αY)
∼= (Y˜ , αY˜) over C.
Part (ii) establishes a strong version of the valuative criterion for separatedness
in our setting. In the Fano Ka¨hler-Einstein setting, this is an important result
due to Spotti-Sun-Yao [63] and Li-Wang-Xu [47]. The crucial technical tool in our
approach is again the Bro¨nnle-Sze´kelyhidi deformation theory, but to establish the
above requires a strengthening of their slice theory that we achieve.
Once one has constructed a moduli space, it is natural to ask what properties it
holds. Our next result shows that the moduli space is actually a Ka¨hler space.
Theorem 1.3. M admits a natural Weil-Petersson type Ka¨hler metric η. On the
moduli space of projective cscK manifolds, there is a natural Q-line bundle L →M
related to the CM line bundle. In this case, η ∈ c1(L).
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It follows that any compact complex subspace of M is projective. It is possible
to construct complete families of cscK manifolds, for example families of projective
bundles over Riemann surfaces, as we discuss in Example 4.13. What we establish
is that both the CM line bundle and the Weil-Petersson metric actually descend
to the moduli space M via our local quotient construction, so it is natural to call
η the Weil-Petersson metric on M and L the CM line bundle. The above is due
to Li-Wang-Xu in the Fano Ka¨hler-Einstein case [48] and Fujiki-Schumacher in the
case of discrete automorphism group [30]. We also establish some basic properties
of the CM line bundle and the Weil-Petersson metric in relation to families of cscK
manifolds, which we expect to be useful in applications.
Typically in moduli problems, in the presence of automorphisms one expects a
moduli space to naturally be a stack. For us, the main obstacle to such considera-
tions is the lack of literature on complex stacks. What we obtain does have more
structure than we have described above, in fact it is essentially an analytic mod-
uli space in the sense of Odaka-Spotti-Sun [56, Definition 3.14]. We discuss these
matters further in Remark 3.9, however we also mention here that it is natural to
expect that our moduli space is good in a sense analogous to that of Alper [1].
Remembering our construction ofM as a local GIT quotient appears to be at least
as powerful in practice as the various stacky notions available.
A natural and important question is whether or not M admits a modular com-
pactification, perhaps by allowing singular K-polystable varieties at the boundary.
If it did, one would expect the CM line bundle to extend to the compactification, and
hence one would further expect the compactification to be projective. This would be
one route to showing thatM admits an algebraic structure. However, this seems to
be far beyond the current available techniques, and at present we do not even know
how to compactifyM non-modularly to any compact complex spaceM. Moreover,
it seems unlikely to us that the moduli functor of K-polystable varieties is proper in
general. We speculate that one could compactify by using something more general
than varieties however, perhaps using a class of schemes of infinite type, by analogy
with the non-finitely generated filtrations of Witt Nystro¨m-Sze´kelyhidi [70, 66].
Lastly, we remark that throughout we work with reduced complex spaces. The
reason for this is the lack of literature on analytic GIT for non-reduced complex
spaces. This forces us to work with the induced reduced complex space of the
Kuranishi space, and means that for families of polarised manifolds over a non-
reduced base B, we do not obtain a map to the moduli space. Instead if Bred →֒ B
is the reduction, then after pulling back the family to Bred, we obtain a natural map
Bred → M. With further work on analytic GIT, we expect that our techniques
would give a slightly more natural structure of a complex space on the moduli
space, such that the moduli space we construct in Theorem 1.1 is the induced
reduced complex space. This would be important, for example, in proving that
M satisfies a universal property. Furthermore, it is not clear to us what the most
appropriate notion of a Ka¨hler metric on a non-reduced space is.
Moduli of K-polystable varieties. The Yau-Tian-Donadson conjecture, pre-
dicting that K-polystability is equivalent to the existence of a cscK metric, would
imply that we have constructed a moduli space of smooth K-polystable polarised
varieties. While it is far beyond the capabilities of the current techniques to con-
struct a moduli space of K-polystable varieties algebraically in general, this has
been achieved in three important cases.
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The first is in the case that the polarisation L = KX is the canonical class.
Then K-stability of canonically polarised varieties is equivalent to the variety hav-
ing so-called semi-log canonical singularities through work of Odaka [53, 54], and
the construction of the corresponding moduli space (called the KSBA moduli space)
is one of the major successes of the minimal model program [43], generalising the
moduli space of curves Mg. We note that (even mildly singular) canonically po-
larised varieties admit Ka¨hler-Einstein metrics, which are therefore cscK when the
variety is smooth [6, 71, 3]. Similarly, Schumacher and Viehweg have constructed
a moduli space of smooth polarised Calabi-Yau manifolds [57, 68], which by Odaka
[53] are all K-stable and which by Yau’s solution of the Calabi conjecture admit
Ka¨hler-Einstein metrics [71]. Thus the classical moduli spaces are all moduli of
K-stable varieties, and our Theorem 1.1 gives another construction of these spaces.
The third case is the Fano case, so that the polarisation L = −KX is anticanon-
ical. In this case, the equivalence between K-polystability and the existence of a
Ka¨hler-Einstein metric is the content of Chen-Donaldson-Sun’s solution of the Yau-
Tian-Donaldson conjecture for Fano manifolds [15, 67, 4]. Using many of the deep
results of [15], Li-Wang-Xu and Odaka have given a construction of a moduli space
of (Q-smoothable) K-polystable Fano varieties [47, 55]. Their techniques are neces-
sarily very different from ours, essentially because we have no compactness theory.
In particular their techniques are much more purely algebraic, while ours are purely
analytic. The final construction of Li-Wang-Xu uses a criterion for the existence
of a good moduli space, which we cannot appeal to due to our analytic techniques.
This leads us to construct our moduli space by hand. It is also worth remarking
that there has been very recent progress in constructing this moduli space purely
algebro-geometrically, particularly towards the construction of moduli of uniformly
K-stable Fano varieties in the sense of [20, 10], and we refer to [8, 9, 17] for impor-
tant results in this direction. We mention again that our main result recovers the
locus of the K-polystable Fano moduli space parametrising smooth Fano varieties.
In both the canonically polarised case and the Fano case, we emphasise that the
moduli spaces constructed using algebraic techniques satisfy stronger conditions
than we obtain analytically, for example they are both known to be algebraic spaces
which are quasi-projective, and even projective in the KSBA case [48, 31, 42, 68],
while our construction produces a complex space.
Remark 1.4. While this work was in progress, we learned of work of Eiji Inoue,
who constructs a moduli space of Fano manifolds which admit a Ka¨hler-Ricci soli-
ton [40]. We crucially use an argument of Inoue to understand the automorphism
groups of deformations of cscK manifolds. The major difference in the basic ap-
proach is that Inoue gives the natural infinite dimensional symplectic quotient the
structure of a complex space, while we directly glue analytic quotients together to
form our moduli space. The main tools are similar (for example, uniqueness of
canonical metrics and uniqueness of degenerations of semistable objects), however,
and so the approaches are most likely equivalent. Inoue’s stacky approach to the
gluing argument also allows him to give his moduli space the structure of a stack.
An additional complication for us is that the deformation theory is, in general,
obstructed, in contrast to the Fano case. We warmly thank Eiji Inoue for helpful
discussions on this and related topics.
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Outline: We discuss the aspects of analytic GIT and cscK metrics which we re-
quire in Section 2. In Section 3, we construct the moduli space of cscK manifolds,
establishing Theorem 1.1. We also prove our degeneration result Theorem 1.2 in
Section 3 as Theorem 3.12. Lastly, the content of Section 4 is our material on
the Weil-Petersson metric and the CM line bundle, and in particular this section
contains the proof of Theorem 1.3
Notation: Let X be a reduced complex space. We briefly recall the notion of a
Ka¨hler metric on X , following [35]. If h : ∆ → X is a holomorphic map from the
unit disc and φ is a continuous real valued function, we say that φ satisfies the
mean value condition if
φ ◦ h(0) ≤
1
2π
∫ 2pi
0
(φ ◦ h)(reiθ)dθ for 0 < r < 1.
If this is the case for all such h, we say that φ is plurisubharmonic. φ is in addition
said to be strictly plurisubharmonic if for every x ∈ X and smooth f defined in
a neighbourhood of x, there is an ε > 0 such that φ + εf is plurisubharmonic in
a (perhaps smaller) neighbourhood of x. Here a function is called smooth if in a
local chart U ⊂ X biholomorphic to an open subset of the form V (I) ⊂ Cm (with
V (I) the vanishing locus of a set of holomorphic functions), it is the restriction of
a smooth function on Cm [46, p45].
A Ka¨hler metric on X is a collection of strictly plurisubharmonic functions (φα)
on a covering (Uα) of X such that the differences φα−φβ on Uα ∩Uβ are plurihar-
monic, in the sense that they are the real part of a holomorphic function on Uα∩Uβ .
This data will also be written ω, as in the manifold case. If X is a complex subspace
of a complex manifold Y which admits a Ka¨hler metric, then X naturally admits a
Ka¨hler metric by restriction: any map h as above is also a map to Y and hence the
restriction is plurisubharmonic, and similarly by definition any smooth function f
extends to a smooth function on Y and so strict plurisubharmonicity also follows.
Such a metric will share the regularity of the Ka¨hler metric on Y on the natural
stratification of X by smooth complex manifolds.
We will typically have a complex space X which has a natural stratification by
locally closed complex manifolds. In this situation on each stratum the φα will either
be smooth, or may be taken to be of class Cl for some large l (this l will typically
arise from some Sobolev embedding). Thus on each stratum ω = i∂∂¯φα > 0,
producing a perhaps mildly singular Ka¨hler metric in the usual sense.
We refer to [7, 36, 33] for an introduction to GIT on complex spaces, and to [65]
for an introduction to cscK metrics.
Acknowledgements: We thank Daniel Greb, Eiji Inoue, Yuji Odaka, Cristiano
Spotti, Ga´bor Sze´kelyhidi and David Witt Nystro¨m for helpful discussions. RD
received funding from the ANR grant “GRACK” during part of this work. PN
received funding from the ERC grant “ALKAGE”.
2. Preliminaries
2.1. Analytic Geometric Invariant Theory. Let Z be a reduced complex space
with an action of a reductive group G, where G is the complexification of a maximal
compact subgroupK. Let ω be aK-invariant Ka¨hler metric on Z. We are interested
6 RUADHAI´ DERVAN AND PHILIPP NAUMANN
in taking a quotient of Z by G, and we begin with the symplectic point of view. A
good summary of this theory can be found in [7, 33].
The G-action on Z induces a stratification by G-invariant submanifolds. Denote
by k = Lie(K) and for ξ ∈ k let ρ(ξ) denote the vector field induced on each stratum
from the K-action.
Definition 2.1. We say that a continuous function µ : Z → k∗ is a moment map if
µ is K-equivariant, smooth on each stratum and for all ξ ∈ k we have stratum-wise
d〈µ, ξ〉 = −ιρ(ξ)ω.
We shall also allow µ to be of class Cl on each stratum for some large l; when
l is sufficiently large this will not affect any of the statements. We will mostly be
interested in the case that Z ⊂W is a G-invariant complex subspace of a complex
manifold W with a G-action, such that ω is the restriction of some K-invariant
Ka¨hler metric on W . Our moment maps will then always be the restriction of
a moment map for the K-action on W , so that the conditions are automatically
satisfied.
Once one has a moment map, one can take the symplectic quotient µ−1(0)/K,
which is a stratified symplectic space. We next consider the GIT quotient, which
produces a quotient which is a complex space.
Definition 2.2. [52] We say that p ∈ Z is
(i) µ-polystable if the orbit G.p is closed and G.p ∩ µ−1(0) 6= ∅,
(ii) µ-semistable if the closure of the orbit G.p ∩ µ−1(0) 6= ∅,
(iii) µ-unstable otherwise.
We will denote by Zss ⊂ Z the set of semistable points.
When the moment map is clear we will usually refer to polystable (or semistable,
unstable) points. Since these are conditions on the orbit, we will sometimes refer
to polystable (or semistable, unstable) orbits.
Remark 2.3. In the situation we are interested in, the conditions that G.p is
closed and G.p ∩ µ−1(0) 6= ∅ will be equivalent, and similarly for the criteria for
semistability. Moreover we will only be interested in the case that all points are
semistable.
The notion of a quotient we shall use is the following standard variant of the
algebraic notion.
Definition 2.4. [36, Definition 1.1] We say that Z →W is a quotient if
(i) for any open V ⊂W , the inclusion O(V ) →֒ O(π−1(U))G is an isomorphism,
(ii) the polystable orbits are in one to one correspondence with the points in W .
The second condition identifies the points of the quotient, while the first gives
the complex structure. Once a quotient exists, it is unique up to isomorphism.
Heinzner-Loose’s extension of the classical Kempf-Ness theorem to complex spaces
is as follows.
Theorem 2.5 (Heinzner-Loose). [36] Zss is a G-invariant open complex subspace,
and the quotient Zss // G exists. Moreover the inclusion µ−1(0) →֒ Zss induces a
homeomorphism µ−1(0)/K ∼= Zss // G.
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2.2. Constant scalar curvature Ka¨hler metrics. We review some aspects of
the theory of constant scalar curvature Ka¨hler metrics that we shall require. Through-
out we let X be a compact complex manifold with a Ka¨hler class α; we call this
data a polarised manifold. A family of complex manifolds f : X → S means a
proper smooth morphism of reduced complex spaces with connected fibres. A po-
larised family is a family equipped with a polarisation, by which we mean a section
αX ∈ Γ(S,R2f∗R) which induces a polarisation αXs in the usual sense on all fibres
Xs [30, Definition 3.1].
Definition 2.6. The scalar curvature of a Ka¨hler metric ω on X is defined to be
the contraction of the Ricci curvature
S(ω) = Λω Ricω,
and we say that ω is a constant scalar curvature Ka¨hler (cscK) metric if S(ω) is
constant.
The first main link between the geometry of X and the cscK condition is the
following, due to Berman-Berndtsson [5], Calabi [13], Chen [14], Donaldson [23],
Lichnerowicz [49] and Matsushima [50].
Theorem 2.7. Fix a Ka¨hler class α on X, and suppose ω ∈ α is a cscK metric.
Then:
(i) The automorphism group Aut(X,α) is reductive, and is the complexification
of the isometry group of (X,ω).
(ii) If ω′ ∈ α is another cscK metric, then there is a g ∈ Aut(X,α) such that
ω = g∗ω′.
Here the automorphism group Aut(X,α) is characterised as a subgroup of Aut(X)
by its Lie algebra consisting of vector fields which vanish somewhere [45]. We will
denote G = Aut(X,α), which is reductive, and is the complexification of the isome-
try group of (X,ω), which we denote K. In addition we denote by k the Lie algebra
of K and g the Lie algebra of G, so that again g is the complexification of k. In
the integral case, so that α = c1(L) for an ample line bundle L, the automorphism
group then consists of automorphisms of X which lift to L.
We will also require the following.
Theorem 2.8 (Chen-Sun). [16, Theorem 1.6] Let us say that a polarised manifold
(Y, αY ) admits a degeneration to (X,αX) if there is a polarised family (X , αX )→ C
with general fibre isomorphic to (Y, αY ) and central fibre isomorphic to (X,αX).
If (Y, αY ) admits a degeneration to two cscK manifolds (X,αX) and (Z, αZ), then
(X,αX) ∼= (Z, αZ).
This was proven by Chen-Sun when the Ka¨hler class is integral; the assumption
is only used so that the class αXs ∈ H
2(Xs,R) can be taken to be independent of s
after fixing the underlying smooth structure of the families [16, Proof of Theorem
1.6]. This is automatic for polarised families of complex manifolds, giving the above
(see for example [29, Theorem 8.2]). This observation answers a question raised by
Chen-Sun [16, Remark (4), Section 9].
2.3. Deformation theory. We recall Bro¨nnle-Sze´kelyhidi’s deformation theory of
constant scalar curvature Ka¨hler manifolds [11, 64]. We begin with some notation.
We fix a symplectic manifold (M,ω), and let J denote the space of almost complex
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structures which are compatible with ω. The subset of integrable almost complex
structures is denoted J int. We assume that we have a polarised manifold (X,α)
inducing a J0 ∈ J with respect to which ω is a cscK metric. We also denote by J 2k
the L2k-completion of the space of almost complex structures.
The space J is naturally acted on by the group H of exact symplectomorphisms
of the symplectic manifold (X,ω), and the H-stabiliser of any complex structure
is simply the Hamiltonian isometries of the Ka¨hler metric (induced by) ω with
respect to the complex structure [65, Section 6.1]. The L2k+1-completion of this
space is denoted by H2k+1. There is a natural Ka¨hler metric Θ on J , which is H-
equivariant, and similarly for the completions. Fujiki and Donaldson have shown
that the Hermitian scalar curvature is naturally a moment map for this action; this
is simply the scalar curvature as defined above when the almost complex structure
is integrable [29, 22]. The same is true for the completions, for sufficiently large k.
As in Sze´kelyhidi’s work [64], there is an elliptic complex
C∞0 (X)
P
→ TJ0J
∂¯
→ Ω0,2(T 1,0).
Here TJ0J consists of the α ∈ Ω
0,1(T 1,0) satisfying
ω(α(v), w) + ω(v, α(w)) = 0.
The space C∞0 (X) denotes the functions with integral zero overX and the operator
P : C∞0 (X)→TJ0J is defined by P (h) = ∂¯vh, where vh is the Hamiltonian vector
field associated with h. We denote by
H˜1 = {α ∈ TJ0J | P
∗α = ∂¯α = 0},
which is the kernel of the elliptic operator P ∗P + ∂¯∗∂¯ and hence finite dimensional.
The groupK acts naturally on Ω0,1(T 1,0) by pulling back sections, and this induces
a linear action of K on H˜1 ⊂ Ω0,1(T 1,0). As G is the complexification of K, this
induces a linear action of G on H˜1.
With these definitions in place we can recall the relevant result, which is an
analogue of Luna’s Slice Theorem.
Theorem 2.9. [11, 64] There exists a K-equivariant embedding from a ball Bˆε
around the origin in H˜1 to J 2k
Φ : Bˆε → J
2
k
with Φ(0) = J0, such that for any p ∈ Bˆε with integrable image, the manifolds
Φ(g.p) are naturally L2k-diffeomorphic to a fixed complex manifold for all g ∈ G
provided g.p ∈ Bˆε. On Bˆε there is a moment map µ for the K-action with respect
to the Ka¨hler metric Φ∗Θ, induced from the moment map on J 2k for the H
2
k-action.
Moreover there is a ball Bˆδ ⊂ Bˆε such that if Φ(p) is integrable for p ∈ Bˆδ then the
following hold:
(i) if the G-orbit of p is closed in Bˆε, then the Ka¨hler manifold Xp associated to
Φ(p) admits a cscK metric which is a zero of the moment map in Bˆε,
(ii) if the G-orbit of p is not closed in Bˆε, then then the closure of the orbit of p
contains a zero of the moment map q ∈ Bˆε,
(iii) if the manifold (Xp, αp) associated to p admits a cscK metric and the G-orbit
of p is not closed in Bˆδ, then the manifold associated to q described in (ii) is
isomorphic to (Xp, αp).
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Proof. This is almost all contained in [11, 64]. In particular, the precise statement
regarding the balls of size δ, ε follows from [64, Proposition 9]. The only difference
between the statement and what is contained in [11, 64] is (iii). In fact [64] claims
to show that if G.p is not closed, then Xp cannot admit a cscK metric. However,
the proof of this contains a gap as pointed out to us by E. Inoue (in the notation of
[64, p.1089], the claim that the dimension of the Lie algebra of holomorphic vector
fields on (M,J0) is larger than that of (M,J
′) is unjustified).
The techniques of [64] are still enough to give (iii). Indeed Sze´kelyhidi constructs
a degeneration for (Xp, αp) with central fibre (Xq, αq). Since (Xp, αp) admits a cscK
metric by assumption, by Theorem 2.8 it must be the case that (Xp, αp) ∼= (Xq, αq).
We also remark that a similar proof, using K-polystability of (Xp, αp) instead of
the existence of a cscK metric, shows that the main result of [64] remains valid
(namely the statement that K-polystable deformations admit cscK metrics).

As usual the integrable almost complex structures form a complex subspace of
Bˆδ. We set Bδ to be the complex subspace of Bˆδ corresponding to the integrable
almost complex structures, and similarly for Bε. The spaces Bε and Bδ are G-
invariant in the sense that if p ∈ Bε and g.p ∈ Bˆε, then g.p ∈ Bε. These spaces
are not necessarily reduced, so we replace them with their reduction to apply the
Heinzner-Loose theory. Moreover, there exists a polarised family (X , αX ) → Bε,
the Kuranishi family of (X,α), whose fibres we denote by (Xp, αp). The Kuranishi
family is versal at 0 and complete for all b ∈ Bε (perhaps after shrinking Bε).
Remark 2.10. Although the statement above uses the completion of the space
of almost complex structures, this will make rather little difference to our proofs.
The naturality of the L2k-diffeomorphisms is stated clearly by Inoue [40, Proposition
3.7], we briefly recall one implication of this. If M denotes the underlying smooth
manifold ofX , the naturality implies that there is a L2k-diffeomorphism ψ :M → Xp
depending on p such that the pullback of the complex structure of Xp is Φ(p), giving
a biholomorphism in a natural sense.
If p is polystable, so that (M,Φ(p), ω) is cscK, then pushing forward the cscK
metric on M gives a cscK metric on the complex manifold Xp, which is smooth by
a standard elliptic regularity argument. The map ψ then identifies the Hamiltonian
isometry group automorphism group of (M,Φ(p)) with that of Xp. Lastly, although
the map Φ depends on k, our ultimate construction will be independent of k.
As mentioned in Remark 2.3, it follows that polystability is equivalent to the
existence of a zero of the moment map µ : Bε → k∗, and moreover every point in
Bδ is semistable. We remark that we do not have a genuine G-action on Bε, most
formally the “local” G-action gives a pseudogroup structure on Bε in the sense of
Cartan.
Remark 2.11. The above is a combination of the results of Bro¨nnle [11] and
Sze´kelyhidi [64]. The elliptic complex above is the one used by Sze´kelyhidi. Bro¨nnle
uses a slightly different approach, using the elliptic complex
C∞0 (X)
∂¯
→ Ω0,1(T 1,0)
∂¯
→ Ω0,2(T 1,0).
This fits in more closely with Kuranishi’s work [44], but is essentially equivalent.
Moreover Bro¨nnle makes additional assumptions that turn out to be unnecessary
from Sze´kelyhidi’s work, for example that the deformation theory is unobstructed.
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3. Construction of the moduli space
The construction of the moduli space consists of two main steps. The first is to
construct a local moduli space around a fixed Ka¨hler manifold. The proof of this
involves strengthening several parts of the Bro¨nnle-Sze´kelyhidi deformation theory,
and using the Heinzner-Loose quotient theory to construct a local quotient. The
second step is to glue together the local GIT quotients, for which the main tool is
the work of Chen-Sun [16].
3.1. Stabiliser preservation. A key step in the construction of the moduli space
is to give an appropriate understanding of the stabilisers of the points in the Ku-
ranishi space. It will only be necessary for us to consider the polystable points,
which have reductive stabiliser. From above we have the ball Bˆδ constructed by
Bro¨nnle-Sze´kelyhidi. Here we identify the stabilisers of points in an even smaller
ball by using the work of Inoue [40]. Results such as these are often called “stabiliser
preservation results” in the stacks literature.
The finite dimensional compact group K acts freely on Bˆε × H2k+1, hence the
quotient
Bˆε ×
K H2k+1 := (Bˆε ×H
2
k+1)/K
is a Banach manifold.
Proposition 3.1. [40, Proposition 3.11] The map
F : Bˆε ×
K H2k+1 → J
2
k : (p, h) 7→ h
∗Φ(p)
is injective for a sufficiently small neighbourhood Bˆγ ⊂ Bˆδ of the origin.
The proof uses the the implicit function theorem. We emphasise that the injec-
tivity occurs for a small neighbourhood of the origin in H˜1, but for all of H2k+1. We
may replace the ball Bˆγ by the complex subspace Bγ ⊂ Bˆγ and the map remains
injective.
The following is proven in essentially the same way as in the work of Inoue [40,
Corollary 3.14].
Corollary 3.2. For any p ∈ Bγ such that (Xp, αp) admits a cscK metric, the
stabiliser HΦ(p) of Φ(p) in H
2
k is the stabiliser group Kp ⊂ K.
Proof. We pick a p ∈ Bγ ⊂ Bˆγ such that Φ(p) is cscK. Since the embedding
Φ : Bˆγ → J
2
k is K-equivariant, we have Kp ⊂ HΦ(p). Now for h ∈ HΦ(p) we have
F (p, h) = h∗Φ(p) = Φ(p) = F (p, id), and by the injectivity of F we conclude that
(p, h) = (b, id), thus h ∈ K ∩HΦ(p) = Kp because Φ is also injective.

Thus we can, and do, assume that in Bε, Bδ, the stabiliser preserving property
proven above holds.
3.2. Orbit structure. In the complex subspace Bδ, the G-orbits under the auto-
morphism group action on the Kuranishi space parametrise isomorphic Ka¨hler man-
ifolds by the work of Bro¨nnle-Sze´kelyhidi. Here we prove a converse for polystable
orbits, using the uniqueness property of cscK metrics and the stabiliser preserva-
tion, inspired in part by the work of Inoue [40, Corollary 3.12, Proposition 4.10].
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Proposition 3.3. Consider a polystable point p ∈ Bδ with corresponding manifold
(Y, αY ). If q is polystable and the manifold corresponding to q ∈ Bδ is isomorphic
to (Y, αY ), then q ∈ G.p.
Proof. The required statement is independent of replacing p, q by points in their
respective orbits, hence we may replace p, q with the zeros of the moment map in
their orbits.
The embedding Φ : B →֒ J 2k gives L
2
k-complex structures associated to p, q which
we denote by Jp, Jq, with (M,ω, Jp) and (M,ω, Jq) both cscK by hypothesis. Using
the natural L2k-diffeomorphisms ψp, ψq to smooth complex structures of Remark
2.10, we obtain Ka¨hler manifolds (M,φp∗ω, φp∗Jp) and (M,φq∗ω, φq∗Jq) which are
cscK, hence the L2k-Ka¨hler metrics φp∗ω and φq∗ω are actually smooth by a standard
elliptic regularity argument [30, Theorem 6.3]. Since (M,φp∗Jp) and (M,φq∗Jq) are
biholomorphic, there is a smooth map m : M → M such that m∗φq∗Jq = φp∗Jp.
Then by the uniqueness of cscK metrics stated as Theorem 2.7 (ii), there is a
g ∈ Aut(M,φp∗Jp) such that g∗m∗φq∗ω = φp∗ω. In particular φp∗Jp = g∗m∗φq∗Jq.
Thus (φ−1q ◦ m ◦ g ◦ φp)
∗ω = ω and (φ−1q ◦ m ◦ g ◦ φp)
∗Jq = Jp; for notational
convenience set f = φ−1q ◦ m ◦ g ◦ φp ∈ H
2
k. An elliptic regularity argument for
the harmonic map f shows that in fact f ∈ H2k+1 [40, p.20][3, The´ore`me 1]. In
particular there is an f ∈ H2k+1 such that f
∗Jq = Jp, so F (p, id) = F (q, f). The
injectivity of the map F provided by Proposition 3.1 implies f ∈ K ⊂ G, and so
finally q ∈ G.p as required.

3.3. Taking the quotient. As the ball Bε only admits a local G-action rather
than a genuine action, we cannot take the GIT quotient using the Heinzner-Loose
theory. To rectify this, we consider the orbit G.Bε ⊂ H˜1. This is a complex space
with a genuine G-action, and for notational convenience we denote this space by
WX ⊂ H1.
Recall we have a Ka¨hler metric Ω = Φ∗Θ on Bˆε, the ball in H˜
1 around the origin
of radius ε, as well as a K-action on Bˆε which leaves Ω invariant.
Lemma 3.4. After shrinking Bˆε, the Ka¨hler metric Ω on Bˆε extends to a K-
invariant Ka¨hler metric on H˜1. With respect to this Ka¨hler metric, there is a
moment map for the K-action on H˜1 extending the usual one on Bˆε.
Proof. It is essentially standard to extend Ω to a Ka¨hler metric on Hˆ1, as we
allow Bε to be shrunk. One convenient way of constructing an extension is to
use regularised max functions, as in [18, Lemma 6.17]. To obtain a K-invariant
extension one can average the resulting Ka¨hler metric.
To extend the moment map, we use the fact that the first cohomology group
of the vector space H˜1 vanishes. Since Ω is K-invariant, if one chooses a basis
vi for the Lie algebra k of K, the forms ιviΩ are closed and hence exact. This
produces Hamiltonians hi uniquely up to the addition of a constant, and we choose
the constants so that hi = 〈µ, vi〉 on Bˆε. This defines a map, which we abusively
denote by
µ : H˜1 → k∗.
For this to be a moment map, we need µ to be K-equivariant with respect to the
coadjoint action on k∗. There is a standard way to do this on compact manifolds
[34, Addendum to Theorem 26.1], and a similar argument applies in our situation.
12 RUADHAI´ DERVAN AND PHILIPP NAUMANN
Recall that equivariance is equivalent to asking that for all ξ ∈ k and g ∈ K, we
have hξ ◦ ψg = hg−1ξg, where ψg denotes the K-action [51, Lemma 5.2.1]. As in
the proof of [51, Lemma 5.2.1], the corresponding vector fields vg−1ξg and ψ
∗
gvξ are
equal and hence hξ ◦ ψg = hg−1ξg + c for some c ∈ R. But this constant vanishes,
as the two Hamiltonians are equal on Bˆε, proving equivariance. 
By restricting, this produces a G-action, a Ka¨hler metric and a moment map on
WX , which is the data required to apply the Heinzner-Loose theory. In order to
understand the quotient MX = WX // G, we need to show that the GIT quotient
is essentially a local procedure in WX .
Lemma 3.5. A point in Bδ is semistable (resp. polystable) with respect to the local
G-action on Bε if and only if it is semistable (resp. polystable) with respect to the
G-action on WX . Moreover each point of WX is semistable.
Proof. We begin with the algebraic side, which is slightly simpler. Indeed it is clear
that for p ∈ Bε, the orbit G.p is closed if and only if the orbit is closed in WX , and
similarly for the criterion for semistability.
We now turn to the symplectic side. If p ∈ Bδ is polystable with respect to
the local G-action, then there is a zero of the moment map in G.p ∩ Bε, which
means that there is a zero of the moment map for the K-action on WX . The same
argument shows that if a point is semistable with respect to the local G-action (in
the sense that G.p is closed in Bε), then it admits a zero of the moment map in
the closure of its orbit also in WX , hence it is at least semistable. What remains to
check is that a point cannot admit a genuine zero of the moment map in its orbit
in WX if it does not admit one in Bε. Thus suppose there is such a zero. Then
there is a zero for the moment map on the full vector space µ : H˜1 → k∗. Since H˜1
is a vector space, hence Stein, the theory of Stein GIT [37, 62, 36] implies that the
orbit G.p is closed, so in particular it is closed inside WX , which from the previous
paragraph is equivalent to closure inside Bε. This contradicts the assumption that
G.p does not admit a zero of the moment inside Bε. This gives the first claim of
the Lemma, and the second is a simple consequence.

It also follows that polystability and the existence of a zero of the moment map
are equivalent in WX , as in Remark 2.3.
Since every point of WX is semistable, we can take the quotient of WX by G,
which we denote by π : WX → MX = WX // G. This space is homeomorphic to
the topological quotient µ−1(0)/K by the results of Heinzner-Loose. We now check
thatMX has a reasonable universal property, as we have modified the problem by
replacing Bε with WX . This is the content of the following Proposition.
Proposition 3.6. There is a neighbourhood B ⊂MX of π(0) such that B ⊂ π(Bδ).
In particular for all b ∈ B, π−1(b) ∩Bδ 6= ∅.
Proof. This is a topological statement so we take a symplectic approach. The
result of Heinzner-Loose states that the inclusion ι : µ−1(0) →֒ WX induces a
homeomorphism µ−1(0)/K ∼= WX // G, where we consider µ as a moment map
from WX to k
∗. The map ψ : µ−1(0)→ µ−1(0)/K is a quotient map of topological
spaces, and is therefore an open mapping. Hence for each neighbourhood U of
the origin in µ−1(0), there is a neighbourhood B ⊂ MX of π(0) = ψ(0) such
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that B ⊂ ψ(U). Consider an open neighbourhood U ′ of U ∩ Bδ ⊂ Bδ. We claim
B ⊂ π(U ′). Indeed for each point b ∈ B, there is a point u ∈ U such that ψ(u) = b,
hence the inclusion ι : µ−1(0) →֒WX gives a ι(u) such that π(ι(u)) = b, as required.

This essentially says that the local structure of MX is determined entirely by
the local action on Bε. We now replace MX with B, where each point represents
a Ka¨hler manifold which admits a cscK metric.
3.4. Gluing the local moduli spaces. We now complete the proof of our first
main result, namely the existence of a moduli space of cscK manifolds. So far, to
each cscK manifold (X,αX) we have associated a complex space which is a local
moduli space MX of cscK manifolds around (X,αX). What we show next is that
one can glue these spaces together.
We take a point pY ∈ MX corresponding to a Ka¨hler manifold (Y, αY ), with
corresponding local moduli space MY = WY // GY , where GY = Aut(Y, αY ). To
glue the local moduli spaces, we give a canonical isomorphism from a neighbourhood
UY ⊂MX around pY to a neighbourhood VY ⊂MY .
Proposition 3.7. There exist open neighbourhoods UY ⊂ MX around pY and
VY ⊂MY such that UY and VY are canonically isomorphic.
Proof. Since WX is a locally Kuranishi space for X , it is a complete deformation
space for small deformations of X , and so we may assume that it is complete for
Y . In the argument we shall often shrink WX ,WY , which by Proposition 3.6 does
not affect the local structure of the quotient. Thus, perhaps after shrinking WX ,
there is a map
ν :WX →WY .
We compose this map with the quotient map under the Aut(Y, αY )-action to obtain
a map
ν′ :WX →MY =WY // GY .
We wish to obtain a map locally fromMX =WX //GX to MY . To obtain such
a map, since the GIT quotient is categorical, it is enough to show that ν′ is GX -
invariant. Here we note that although WX has been shrank and hence may not be
GX -invariant itself, one can always take its orbit and extend ν
′ to a holomorphic
map using that GX acts by biholomorphisms (by the construction of the GIT
quotient such a GX -invariant function will indeed descend toMX , as desired). We
thus take two points z1, z2 ∈ WX lying in the same GX -orbit. To prove the required
equivariance, we consider two distinct cases:
Case (i): The orbit G.z1 is polystable. Then the manifolds corresponding to
z1 and z2 in the Kuranishi family over WX are isomorphic as they lie in the same
GX -orbit, and admit a cscK metric. Thus the manifolds appearing as fibres in the
Kuranishi family over WY corresponding to ν(z1) and ν(z2) are also isomorphic
and cscK. We cannot conclude from Theorem 2.9 that the orbits of ν(z1), ν(z2) are
polystable with respect to the Aut(Y, αY )-action onWY , however Theorem 2.9 does
imply that the polystable degenerations of ν(z1), ν(z2) must represent isomorphic
manifolds. These polystable degenerations must then lie in the same Aut(Y, αY )-
orbit by Corollary 3.2. Sinces GIT quotients map a semistable orbit to the same
point as its polystable degeneration, this shows that ν′(z1) = ν
′(z2), as desired.
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Case (ii): The orbit G.z1 is strictly semistable. Hence z2 is also semistable.
Since z1, z2 are in the same GX -orbit, their corresponding polarised manifolds are
isomorphic. Again it follows that the fibres of the family overWY corresponding to
ν(z1) and ν(z2) are isomorphic. Because ν(x1) and ν(x2) are only GIT-semistable
in this case, we cannot conclude that they lie in the same Aut(Y, αY )-orbit. A
semistable orbit admits a degeneration to a cscK manifold in the sense of Theorem
2.8 by a construction of Sze´kelyhidi [64, Theorem 2]. But applying the uniqueness
result of Chen-Sun (which applies to the Kuranishi family, hence the fact we are
working with the completion of the space of almost complex structures makes no
difference), namely Theorem 2.8, we know that the polystable degenerations of
ν(x1) and ν(x2) must then represent the same cscK manifold, giving again that
ν′(z1) = ν
′(z2).
Since each small cscK deformation is represented in the quotients MX ,MY
exactly once, the map ν′ must be injective. Moreover, as the Kuranishi family for
X is complete for Y , ν′ is also locally surjective. We cannot conclude the proof
in general at this point, as a bijective holomorphic map between complex spaces
is not necessarily a biholomorphism (consider for example the normalisation of a
cuspidal curve).
We instead proceed by using that a Kuranishi space induces a complete defor-
mation for nearby points. This allows us to construct a (local) map ξ :WY →WX ,
such that the universal family over WX pulls back to that over WX . We compose
this with the quotient map WX →MX to obtain a map ξ′ :WY →MX . A similar
argument to the above shows that ξ′ is Aut(Y, LY )-invariant, hence we obtain a
holomorphic map MY →MX which is clearly an inverse to the map constructed
above. This gives the local isomorphism as desired.

The gluing argument also implies that the construction is independent of the
choice of k in the L2k-completion of the space of almost complex structures. As an
immediate consequence we obtain the existence of a moduli space, which completes
the proof of our main result.
Corollary 3.8. There exists a Hausdorff complex space M which is a moduli space
of polarised manifolds which admit a cscK metric.
Proof. Consider the set M of polarised manifolds which admit a cscK metric. We
give the space M the structure of a complex space. To each point X ∈ M we
associate the local moduli space MX and we let NX ⊂ M be the corresponding
points and ϕX : NX → MX be the induced bijective map of sets. The choice of
MX is not unique as one can always shrink MX ; we shrink each MX such that
the Kuranishi space used in each construction is complete for all points in MX .
We claim that when NX ∩ NY 6= ∅, the set ϕX(NX ∩ NY ) is open in MX and
the map
ϕX ◦ ϕ
−1
Y : ϕY (NX ∩ NY )→ ϕY (NX ∩NY )
is biholomorphic. The claim that ϕX(NX ∩ NY ) is open is clear. Indeed openness
is a local property and a local biholomorphism (hence homeomorphism) is con-
structed in Proposition 3.7. To show that ϕX ◦ ϕ
−1
Y is a biholomorphism is again
a local property, so we take a point Z ∈ ϕY (NX ∩ NY ). Then Proposition 3.7
produces a neighbourhoods UZ of Z and VZ of ϕX ◦ ϕ
−1
Y (Z) on which ϕX ◦ ϕ
−1
Y is
a biholomorphism.
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From here one can give M the structure of a complex space following the stan-
dard construction of gluings on complex manifolds [28, Proposition 1.18]. As a
topological space one declares that U ⊂ M is open if ϕX(U ∩ NX) is open for all
X . The complex structure is then inhereted from those on the MX .
AsM is locally homeomorphic toMX for some X , it follows from the local sym-
plectic description as a quotient µ−1(0)/K of a Hausdorff space by a compact group
thatM is Hausdorff (here we use that the Kuranishi space itself is Hausdorff). Each
connected component is second-countable, for example as J 2k is second-countable
for each k (and there are only countably many such k), and each local quotient is
second-countable.
The points of M are in bijective corresponence to polarised manifolds which
admit a cscK metric by construction. To see that a family of cscK manifolds induces
a map to M compatible with this correspondence, first note that the construction
of such a map is a local condition, so that one can assume each fibre is in some
fixed Kuranishi space. The points of the GIT quotient are in correspondence with
polystable orbits. Moreover each semistable orbit G.p for which the corresponding
manifold (Xp, αp) admits a cscK metric is mapped to a corresponding polystable
orbit G.q with (Xp, αp) isomorphic to (Xq, αq) by Theorem 2.9 (iii). Thus a family
of cscK manifolds which are small deformations of (X,α) induces a unique map to
M locally. This construction is independent of choice of Kuranishi space by the
gluing argument, hence one obtains a global map to M.

Remark 3.9. It is clear that the construction gives something more than described.
One could view the moduli spaceM constructed above as a sort of complex stack,
by remembering the local quotients. An important, and ubiquitous class of stacks
are stacks which admit a local quotient presentation. In [56, Definition 3.4], Odaka-
Spotti-Sun introduce the notion of an “analytic moduli space”, which they define
to be locally the quotient of the deformation space by the automorphism group.
The difference with what we obtain is that we are taking a kind of local quotient
of the deformation space, since we do not have a genuine Aut(X,α)-action on the
deformation space. This is a rather minor difference, and thus our construction
essentially gives an analytic moduli space in their sense.
In another direction it is natural to ask whether our space can be given the
structure of some more sophisticated notion of a stack, for example whether or
not it is a good moduli space in the sense of Alper [1]. The main issue with such
questions is the lack of literature available regarding complex stacks, rather than
algebraic stacks. We speculate that our moduli space does satisfy Alper’s property,
however we leave this to further work.
3.5. Degenerations of cscK manifolds. An important aspect of Theorem 1.1
is that the moduli space is Hausdorff. Translating this statement into a statement
about families of cscK manifolds, this states that sequential limits of cscK manifolds
are actually unique. Here we prove some more precise statements along these lines,
in a style that will be familiar to those working in moduli theory.
Definition 3.10. We say that a polarised manifold (X,αX) is analytically semistable
if there exists a polarised family (X , αX )→ C with (Xt, αXt) ∼= (X,αX) for all t 6= 0
and such that (X0, αX0) is a polarised manifold which admits a cscK metric.
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Lemma 3.11. Analytic semistability is an open condition in families of polarised
manifolds.
Here, as usual, we mean openness in the analytic topology.
Proof. This is an immediate (and well-known) consequence of Bro¨nnle-Sze´kelyhidi’s
Theorem 2.9. We briefly give the argument, as we will use the statement several
times later. Let (Y, αY) → B be a family of polarised manifolds with (Yq , αYq )
analytically semistable for some p ∈ B. Let (Z, αZ) be the cscK degeneration
of (Yq, αYq ), and consider the Kuranishi space W of the cscK manifold (Z, αZ)
constructed in Theorem 2.9. Then W is a complete deformation space in a neigh-
bourhood of (Z, αZ), and hence is complete for (Yq , αYq ) as (Yq, αYq ) admits a
degeneration to (Z, αZ).
Since the statement is local, we can thus assume there is a map p : B →W such
that (Y, αY) → B is the pullback of the universal family over W . In particular,
there are balls Wδ ⊂ Wε ⊂ W with p(Y) ⊂ Wδ such that for each point w ∈ W ,
either p is polystable or the polystable degeneration of w is contained in Wε. From
Theorem 2.9, the manifolds associated to these polystable degenerations admit a
cscK metric, and hence each point in p−1(Wδ) is analytically semistable as claimed.

Analytically semistable manifolds are the analogue of semistable orbits in GIT,
and it follows from Thereom 2.9 and [25, 20] that they are K-semistable. The above
is the analogue of semistability being an open condition in families. A standard
result in GIT is that the closure of a semistable orbit intersects a unique polystable
orbit; the corresponding statement for analytically semistable manifolds is Chen-
Sun’s Theorem 2.8. In GIT there are also more precise statements about the
behaviour of polystable and semistable orbits in families. The analogue in our
situation is the following.
Theorem 3.12. Let C be a (not necessarily compact) Riemann surface with 0 ∈ C
a point. Suppose
(Y, αY)
""
❋❋
❋❋
❋❋
(Y˜, αY˜)
||①①
①①
①①
C
are two polarised families such that (Y, αY)|C\{0} ∼= (Y˜, αY˜)|C\{0}.
(i) (Semistable case) If (Y0, αY0) and (Y˜0, αY˜0) are analytically semistable, then
they degenerate to the same cscK manifold.
(ii) (Polystable case) If (Y0, αY0) and (Y˜0, αY˜0) admit a cscK metric, then (Y0, αY0)
and (Y˜0, αY˜0) are isomorphic.
(iii) (Stable case) If (Y0, αY0) admits a cscK metric, Aut(Y0, αY0) is discrete and
(Y˜0, αY˜0) is analytically semistable, then (Y, αY)
∼= (Y˜ , αY˜) over C, perhaps
after shrinking C.
(iv) (Mixed case) If (Yt, αYt) admits a cscK metric for all t ∈ C and (Y˜0, αY˜0) is
analytically semistable, then (Y0, αY0) and (Y˜0, αY˜0) are isomorphic.
Here two families of polarised manifolds are isomorphic over C if the manifolds
are isomorphic and the polarisations agree up to the pullback of a polarisation of
C. The analogous statements hold for families over arbitrary complex manifolds,
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we have considered only families over Riemann surfaces to mirror the usual sep-
aratedness statements one finds in moduli theory and since the statements are in
any case equivalent.
Proof. Since each of the statements is local around 0 ∈ C (as we allow C to be
shrunk in (iii)), we freely replace C with a neighbourhood of 0. Since analytic
semistability is an open condition by Lemma 3.11, we can therefore assume all
fibres are analytically semistable.
(i) By hypothesis, both (Y0, αY0) and (Y˜0, αY˜0) degenerate to a cscK manifold.
As the statement is local, we can consider a Kuranishi space around one of these,
so that the moduli space M of cscK manifolds is a GIT quotient of this space. As
this Kuranishi space is complete for each fibre, both (Y, αY ) and (Y˜, αY˜) arise as
pullbacks of the universal family over this Kuranishi space. In particular there are
continuous maps p : C →M and p˜ : C →M, which by Chen-Sun’s uniqueness of
cscK degenerations of analytically semistable manifolds, Theorem 2.8, must satisfy
p(t) = p˜(t) for all t ∈ C\{0}. By continuity and Hausdorfness of M it follows that
p(0) = p˜(0), which means that the cscK degenerations of (Y0, αY0) and (Y˜0, αY˜0),
namely the manifold associated to p(0) and p˜(0) respectively, must be isomorphic.
(ii) This is immediate from (i), together with the fact that cscK manifolds cannot
degenerate to non-isomorphic cscK manifolds, again by Theorem 2.8.
(iii) By (ii) we must have (Y˜0, αY˜0)
∼= (Y0, αY0). Since (Y0, αY0) admits a cscK
metric and has discrete automorphism group, we can assume (Yt, αYt) admits a
cscK metric and has discrete automorphism group for all t ∈ C. The Kuranishi
space of (Y0, αY0) is then universal, meaning that each family is the pullback of
the universal family over the Kuranishi space by a unique morphism. It follows
that (Y, αY) and (Y˜, αY˜) are both isomorphic to the pullback of the same universal
family under the same morphism, proving (iii). The fact that one only obtains
an isomorphism over C comes from the analogous statement for universality of the
Kuranishi space.
(iv) By (i), the cscK degeneration of (Y˜0, αY˜0) must be (Y0, αY0). Let W be
the Kuranishi space of (Y0, αY0) constructed in Theorem 2.9. Then there are maps
p : C → W and p˜ : C → W associated to (Y, αY) and (Y˜, αY˜) arising from the
completeness of the Kuranishi space. Since (Yt, αYt) admits a cscK metric for all
t ∈ C, it follows from Proposition 3.3 that there are gt ∈ Aut(Y0, αY0) such that
p˜(t) = gt(p(t)) for all t ∈ C\{0}. Let b = p˜(0). Then since p˜ is continuous and the
Kuranishi space is Hausdorff,
b = lim
t→0
p˜(t) = lim gt(p(t)).
Since p(0) is a closed orbit under the G-action, this means that b ∈ G.p(0), and so
(Y0, αY0) and (Y˜0, αY˜0) are isomorphic as desired.

Remark 3.13. Let X = P1, L = O(1) and consider a non-trivial C∗-action on
(X,L), giving a family (X ,L) → C through the C∗-action. To this, one can asso-
ciate a “compactified family” (X ,L)→ P1 by gluing the trivial family over infinity
(constructing one of the Hirzebruch surfaces; this is a standard example in the
study of K-stability). Consider also the trivial family X × P1 → P1. Then even
though all fibres admit a cscK metric and the families are isomorphic, it is not true
that X × P1 ∼= (X ,L). Thus (ii) above is sharp.
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4. Ka¨hler geometry of the moduli space
4.1. The Weil-Petersson metric. We now show that the moduli space M con-
structed in the previous section is actually a Ka¨hler space, with a natural choice
of Ka¨hler metric. The local result we shall employ is the following result due to
Heinzner-Huckleberry-Loose [35]. As above we have a complex space Z with an
action of a reductive group G, which is the complexification of K, together with a
Ka¨hler metric ω and a moment map µ. By Theorem 2.5 we obtain a complex space
Z // G and a homeomorphism µ−1(0)/K ∼= Z // G. We denote by (φα) the strictly
plurisubharmonic functions defining ω. One each chart Uα of Z the function φα is
K-invariant and hence induces a function ψα on the quotient µ
−1(0) ∩ Uα/K.
Theorem 4.1 (Heinzner-Huckleberry-Loose). [35, p135] The family of functions
(ψα) define a Ka¨hler metric on Z // G.
The content of this result is two-fold: firstly each individual ψα as defined is
strictly plurisubharmonic, and secondly the difference of the ψα is pluriharmonic.
Heinzner-Huckleberry-Loose in addition prove that there is a stratification of Z //G
by complex manifolds such that on each stratum the ψα are actually smooth. It is
clear from their proof that if the φα are assumed to have some regularity C
l for l
large on each stratum of Z, then ψα will share this regularity on each stratum of
Z // G.
Following the notation of Section 3, our moduli space M is constructed by
gluing together local quotientsMX of the formWX //GX , with GX = Aut(X,αX).
Moreover WX admits a Ka¨hler metric Ω which is (stratum-wise) C
l for some large
l, together with a moment map µX for the KX -action. By Theorem 2.9 this Ka¨hler
metric is obtained through an embedding
ΦX :WX →֒ J
2
k ,
defined just for a neighbourhood of 0 ∈ WX , so that Ω is the pullback of the Ka¨hler
metric Θ on J 2k . We denote by ηX the induced Ka¨hler metric on MX .
Theorem 4.2. The Ka¨hler metrics ηX glue to form a Ka¨hler metric η on M.
Moreover there is a locally finite stratification of M by locally closed complex sub-
manifolds such that on each stratum, η is smooth.
Proof. We first show that the Ka¨hler metrics glue. Heuristically, our moduli space
should be thought of as being of the form µ−1(0)/H, where µ−1(0) ⊂ J consists of
the constant scalar curvature complex structures. As the Ka¨hler metric Ω on H is
H-invariant, one expects that it should descend toM. However, as our construction
instead passes through a local quotient procedure (as there is no direct way to
construct a complex structure on µ−1(0)/H), we are forced to use a more delicate
argument.
We begin by taking chartsMX andMY forM with Ka¨hler metrics ηX and ηY .
Since both ηX and ηY are continuous, we may restrict to the open smooth stratum
U of MX ∩MY such that ηX and ηY restrict to Cl Ka¨hler metrics for some large
l (which we may take to be the minimum of the two values for ηX and ηY ). Let
πX : WX → U ⊂ MX and πY : WY → U ⊂ MY be the quotient maps, where
we implicitly replace WX and WY with π
−1
X (U) and π
−1
Y (U) respectively, and let
µX , µY be the moment maps with respect to the Ka¨hler metrics ΩX and ΩY .
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As proven by Heinzner-Huckleberry-Loose [35, Lemma 2], perhaps after shrink-
ing U (and WX ,WY ) the quotient maps have the form of projection maps
πX :WX = U × GX → U, πY :WY = U × GY → U,
where GX ,GY are complex Lie groups related to GX , GY and the stabilisers of
the manifolds under consideration. Roughly speaking, we are working on a locus
U ⊂ M on which the automorphism groups of the manifolds being parametrised
are actually all isomorphic.
We now fix a point w ∈ U at which we aim to show that ηX |w = ηY |w. We
may assume that these Ka¨hler metrics admit Ka¨hler potentials ηX = i∂∂¯υX and
ηY = i∂∂¯υY on U . Choosing coordinates zj , j = 1, . . . d on U with dimU = d, it is
enough to prove that
∂2υX
∂zj∂z¯k
(w) =
∂2υY
∂zj∂z¯k
(w)
for all j, k.
Pick zeroes of the moment map wX ∈ WX and wY ∈ WY with πX(wX) =
w, πY (wY ) = w. Since we have chosen an open set U of MX ∩MY , in a neigh-
bourhood of wY in WY the deformation space is complete, giving a (local) map
p : WX →WY with p(wX) = wY . Writing WX = U ×GX ,WY = U ×GY as above,
we must have p(ζ, g) = (ζ, p2(g)), with p2(g) ∈ GY .
Let υ˜X and υ˜Y be Ka¨hler potentials for ΩX and ΩY around wX , wY . Via the
implicit function theorem, Heinzner-Huckleberry-Loose [35, p134] contrsuct a local
section of πX and show that
∂2υX
∂zj∂z¯k
(w) =
∂2π∗XυX
∂zj∂z¯k
(wX) =
∂2υ˜X
∂zj∂z¯k
(wX).
The same is true for wY , and hence it suffices to show that
∂2υ˜X
∂zj∂z¯k
(wX) =
∂2υ˜Y
∂zj∂z¯k
(wY ),
or equivalently using the structure of p and p(wX) = wY that
∂2υ˜X
∂zj∂z¯k
(wX) =
∂2p∗υ˜Y
∂zj∂z¯k
(wX).
Consider the maps
U × GX → U × GY →֒ J
2
k .
Then ΩY = Φ
∗
YΘ under this embedding, while ΩX = Φ
∗
XΘ. Since ΦX(wX),ΦY (wY ) ∈
J 2k are cscK and isomorphic, there is a f ∈ H
2
k with f(ΦX(wX)) = ΦY (wY ). The
Ka¨hler metric Θ is H2k-invariant, hence ΘΦX (wX) = f
∗ΘΦY (wY ). It then follows
from the structure of p that
∂2υ˜X
∂zj∂z¯k
(wX) =
∂2p∗υ˜Y
∂zj∂z¯k
(wX),
since p is an isomorphism on the U component, the derivatives are only in the
directions of the coordinates on U , and Θ is H2k-invariant. Indeed, tangent vectors
u1, u2 at w ∈ U naturally induce tangent vectors uX1 , u
X
2 at wX ∈ U × GX and
uY1 , u
Y
2 at wY ∈ U × GY , and since p
∗ΩY,wY = ΩX,wX , it must be the case that
ΩY,wY (u
Y
1 , u
Y
2 ) = ΩX,wY (u
X
1 , u
X
2 ) as p∗(u
X
1 ) = u
Y
1 and p∗(u
X
2 ) = u
Y
2 . This is then
enough to give the equality ηX |w = ηY |w. Since this holds for all w ∈ U , the Ka¨hler
metrics glue to a Ka¨hler metric η on M, as claimed.
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Finally, we show that there is a locally finite stratification ofM by such that η is
smooth on each stratum. This is a local question, and so we consider a local patch
MX for the moduli space. For each k used above, there is a then a stratification
ofMX constructed in Theorem 4.1 by Heinzner-Huckleberry-Loose on which MX
is smooth. We begin with the natural stratification of MX by in terms of its
singularities, so the initial manifoldMoX is the smooth locus ofMX . From the proof
of Theorem 4.1, the Ka¨hler potential on MoX shares the regularity of the Ka¨hler
potential on WX on the locus on which the dimension and number of components
of the stabliser GX,p of GX at p is constant, where p ∈ WX is a zero of the
moment map. For each l this produces a stratification ofMoX on which the Ka¨hler
metric is Cl for some fixed l (by comining the regurality of Θ on J 2k with the
Sobolev embedding). This stratification is independent of l, so because the Ka¨hler
metrics glue the metrics are actually Cl for all l, which is to say that they are
smooth. Repeating the process for the (finite) stratification of MX in terms of its
singularities gives the result.

The proof above can be adapted to give a different proof of the gluing element of
Heinzner-Huckleberry-Loose’s Theorem 4.1; their technique does not apply in our
in our infinite dimensional setting.
Remark 4.3. The stratification on which the Weil-Petersson metric is smooth
is given by the isomorphism class of the automorphism group of the polarised
manifolds being parametrised. Thus if one considers polarised manifolds of fixed
automorphism group, the Weil-Petersson metric is actually smooth.
For applications, it is most useful to have a representation of the Weil-Petersson
metric as a fibre integral over families of cscK manifolds. Let (X , αX ) → B a
be a polarised family of cscK manifolds over a complex space B with each fibre
of dimension n and ω a relatively Ka¨hler metric which is cscK on each fibre that
induces the polarisation αX Denote by p : B →M the moduli map constructed in
Corollary 3.8. The relatively Ka¨hler metric ω induces a Hermitian metric g on the
relative tangent bundle TX/B, which in turn induces a metric Λ
ng on the relative
anti-canonical class −KX/S. Let ρ ∈ c1(−KX/B) be the curvature of this Hermitian
metric, so that ρ restricts to the Ricci curvature of ωb over each fibre Xb. Let µ
denote the slope of each fibre, which is simply the topological constant
µ =
∫
Xb
Ricωb ∧ ω
n−1
b∫
Xb
ωnb
,
calculated on any fibre. Define a (1, 1)-form α on B by the fibre integral (or direct
image)
(4.1) α =
∫
X/B
(
nµωn+1 − (n+ 1)ρ ∧ ωn
)
.
This is a closed form, as taking the differential commutes with direct image. As we
have taken a fibre integral of an (n+1, n+1)-form where the relative dimension is
n, the form α is indeed a closed (1, 1)-form on B, as claimed.
Note that if one changes ω to some other fibrewise cscK metric ω˜ in the same
class, then there is a smoothly varying family gb ∈ Aut(Xb, αXb) such that fibrewise
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ωb = g
∗
b ω˜b. Since the fibre integral is invariant under such biholomorphisms, it
follows that
(4.2) α =
∫
X/B
(
nµωn+1 − (n+ 1)ρ ∧ ωn
)
=
∫
X/B
(
nµω˜n+1 − (n+ 1)ρ˜ ∧ ω˜n
)
.
Thus the (1, 1)-form α is a canonical object associated to the setup, independent
of fibrewise cscK metric.
Theorem 4.4. The form α is the pullback of the Weil-Petersson metric η through
the moduli map p : B →M:
α = p∗η.
In particular, the pullback of p∗η is smooth.
The smoothness statement can be thought of as reflecting the idea that the
singularities of the Weil-Petersson metric on M are precisely caused the lack of a
universal family overM.
Proof. This follows from our construction of the Weil-Petersson metric and work
of Fujiki [29]. By Fujiki [29, Theorems 4.4 and 8.3], if (Y, αY ) → BY is the uni-
versal family over the Kuranishi space BY , with relatively Ka¨hler metric ωY , the
natural metric inducing αY coming from Bro¨nnle-Sze´kelyhidi’s Theorem 2.9, then
the Ka¨hler metric ηY on BY used in the construction of the Weil-Petersson metric
is of the form
ηY =
∫
Y/BY
(
nµωn+1Y − (n+ 1)ρY ∧ ω
n
Y
)
,
with ρY ∈ c1(−KY/BY ) the natural (1, 1)-form. As the statement of the Theorem is
local, we shrink B so that p has factors through the map to BY . The construction
of η at z ∈ M picks out a zero of the moment map in π−1Y (q) and uses the value
of ηY at that point. Since by hypothesis each fibre of (X , αX ) → B is cscK, by
uniqueness of cscK metrics up to automorphisms and the invariance of α described
in (4.2) it is then clear that the (1, 1)-form α has the desired form.
Finally, when B is smooth, the fact that p∗η is smooth follows from the fact that
α itself is smooth, as the fibre integral of a smooth form over a smooth submersion.
If B is singular, by p∗η being smooth we mean that for any smooth B′ with a map
p′ : B′ → B, the pullback (p′ ◦ p)∗η is smooth. In this singular case, we first pull
back the family X → B to a family X ′ = X ×B B′ → B′ over B′. Then if ωX is a
fibrewise cscK metric on X → B, and π : X ′ → X is the map arising from the fibre
product construction, then π∗ωX is a fibrewise cscK metric on X ′ → B′, giving a
new form α′ through equation (4.1). It is then clear that α′ = (p′ ◦ p)∗η, so that
α′ = p′∗α is smooth as now X ′ → B′ is a smooth submersion, as required. 
Since in the case of polarised manifolds with discrete automorphism group the
cscK condition is open in the analytic topology, in that case the Weil-Petersson
metric can be described purely in the above terms. In particular, it follows that
our Weil-Petersson metric onM does agree with the classical Weil-Petersson metric
constructed by Fujiki-Schumacher [30, Theorem 7.8 and Remark 7.3].
Corollary 4.5. The Ka¨hler metric η on M extends the classical Weil-Petersson
metric constructed by Fujiki-Schumacher on the moduli space of cscK manifolds
with discrete automorphism group.
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Remark 4.6. The above Theorem also implies that the Weil-Petersson metric is
pointwise given as the L2-inner product of certain harmonic representatives of the
Kodaira-Spencer map, cf. [29, Remark 7.4].
4.2. The CM line bundle. We assume throughout that we are in the projective
case, where we consider smooth projective varieties together with ample line bundles
which admit a cscK metric. We also consider a fixed connected component of the
moduli space M of cscK manifolds. Our aim is to construct a natural line bundle
over M. To do this, we begin with the construction of line bundles on the base of
families of polarised manifolds.
Consider a flat family of smooth polarised varieties π : (X ,L)→ B over a com-
plex space B, and suppose the dimension of each fibre is n. By properness, the
pushforwards π∗Lk are a torsion-free coherent sheaves over B and hence detπ∗Lk
gives a sequence of line bundles on B for all k ≥ 0. The Knudsen-Mumford expan-
sion [41, Theorem 4] states that for k ≫ 0, there is an expansion
detπ∗L
k = λ
( kn+1)
n+1 ⊗ λ
(kn)
n ⊗ . . .⊗ λ0,
for λj → B, j = 0, . . . n+ 1 a set of line bundles on B independent of k. As noted
by Fujiki-Schumacher, the Knudsen-Mumford theory goes through in the case that
B is a complex space [30, p163].
Definition 4.7. We define the CM line bundle on B to be
LCM = λ
nµ+n(n+1)
n+1 ⊗ λ
−2(n+1)
n ,
where µ =
−KXb .L
n−1
b
Ln
b
is the slope of any fibre.
The CM line bundle was first introduced by Fujiki-Schumacher [30], then redis-
covered and christened by Tian [67]. The construction of the CM line bundle is
functorial, in the following manner: if φ : B′ → B is a morphism and (X ′,L′) =
(X ,L) ×B B′, and L′CM is the CM line bundle associated to (X
′,L′) → B′, then
we have φ∗LCM = L′CM . An important property of the CM line bundle, which we
will not use, is that its first Chern class satisfies
(4.3) c1(LCM ) = π∗[nµc1(L)
n+1 + (n+ 1)c1(KX/B).c1(L)
n],
as proven by Fujiki-Schumacher [30, Proposition 10.2]. This should be compared
to the fibre integral formula given in Theorem 4.4.
We now return to a chart πX : WX → MX of the moduli space of cscK po-
larised manifolds, with BX ⊂WX the Kuranishi space. There is a universal family
(X ,L) → BX , producing CM line bundle LCM,X → BX . By shrinking MX if
necessary, we can assume that LCM,B admits a trivialisation on BX . The orbits
of the GX = Aut(X,L)-action on BX are all isomorphic polarised varieties, hence
for all g ∈ GX we have g∗(X ,L) ∼= (X ,L). It follows that the CM line bundle
LCM → BX is a GX -equivariant line bundle, and in particular its transition func-
tions are GX -invariant. The transition functions therefore extend naturally toWX ,
hence we may extend the CM line bundle to LCM →WX .
Let FGX denote the sheaf on MX consisting of GX -invariant sections of LCM :
FGX (U) = (O(LCM )(π
−1
X (U)))
GX .
By Fujiki [29], the Ka¨hler metric ΩX onWX is the curvature of a Hermitian metric
on LCM → WX . Using this, the following result of Sjamaar, proved in the general
setting of analytic GIT, then shows that FGX is associated to a Q-line bundle.
MODULI OF POLARISED MANIFOLDS VIA CANONICAL KA¨HLER METRICS 23
Theorem 4.8 (Sjamaar). [59, Section 2.2] FGX is the sheaf of sections of a Q-
line bundle LX → MX . The integer rX such that L
⊗rX
X is a line bundle is given
by the number of connected components of GX . Moreover, there is a natural GX -
equivariant isomorphism π∗L⊗rXX
∼= L⊗rXCM .
Sjamaar also proves that LX is itself the analytic GIT quotient
(4.4) L⊗rXX = L
⊗rX
CM // GX ,
where it is crucial that every point in WX is semistable [59, Proposition 2.15].
It follows that locally, the CM line bundle descends to the moduli space M.
Here we globalise this construction.
Theorem 4.9. The moduli space M of cscK manifolds admits a Q-line bundle L
such that if (X ,H)→ B is any family of cscK manifolds, then the CM line bundle
HCM → B is isomorphic to the pullback p∗L through the moduli map p : B →M.
Proof. We begin by constructing L. From the above, on each chartMX we obtain
a Q-line bundle LX such that L
rX
X is a line bundle. The integer rX is bounded
in the following manner, as in Fujiki-Schumacher [30, Lemma 11.8]. By Mat-
susaka’s big theorem, there is a k ≫ 0 such that for all smooth polarised vari-
eties (X,L) of fixed Hilbert polynomial, the line bundle L⊗k is very ample. Thus
Aut(X,L) ⊂ GL(H0(X,L⊗k)∗) for all (X,L) with fixed Hilbert polynomial, and
hence the number of connected components of Aut(X,L) is uniformly bounded.
Certainly our moduli space M parameterises polarised varieties with fixed Hilbert
polynomial, as this is constant in flat families. From Theorem 4.8, this produces
an integer r such that L⊗rX is a line bundle for all [X ] ∈ M. For notational conve-
nience, we assume r = 1, as this does not affect our argument (one should strictly
speaking always work with the tensor powers L⊗rX ,L
⊗r
CM ).
The construction of M involves a collection of charts MX together with bi-
holomorphisms ϕXY : MX → MY when UXY = MX ∩MY 6= ∅. We begin by
constructing an isomorphism αXY : LX ∼= LY valid on UXY .
Consider a point z ∈ UXY with z = πX(zX) = πY (zY ), where πX :WX →MX ,
πY : WY → MY are the natural quotient maps. From Theorem 4.8, we obtain a
GX -equivariant isomorphism π
∗
XLX
∼= LCM,X .
There is a morphism γXY : VX → VY ⊂ WY , defined in a neighbourhood
VX of zX , such that the pullback of the universal family over VY is isomorphic
to the universal family over VX . Over γ
−1
XY (VY ), the pullback of the CM line
bundle LCM,Y → VY is canonically isomorphic to the CM line bundle LCM,X →
γ−1XY (VY ) ⊂ VX , namely
LCM,X ∼= γ
∗
XY LCM,Y .
In particular, we obtain bundle morphisms (of bundles over different complex
spaces)
LCM,X → γ
∗
XY LCM,Y → LCM,Y → LY ,
where the last morphism arises from the fact that the GIT quotient LCM,Y // GY
equals LY .
We show that the composition LCM,X → LY is GX -invariant, from which it will
follow that there is a bundle morphism αXY : LX → LY , using that LCM,X //GX =
LX . One way to see this is from the GX -invariant isomorphism π∗XLX
∼= LCM,X .
Using this isomorphism, it is enough to show that the induced morphism π∗XLX →
LY is GX -invariant. But the GX action on the pullback bundle π
∗
XLX is induced
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from the GX -action on VX itself, so the required GX -invariance follows from that
of VX →MY , which is the content of Proposition 3.7. For example, on each fibre
of πX the pullback π
∗LX |pi−1(z) ∼= π
−1(z) × C is trivial, and the GX action on
π∗LX |pi−1(z) is just given by g.(x, l) = (g.x, l) for x ∈ π
−1(z).
Thus for each z, we obtain a bundle morphism αXY : LX → LY defined in a
neighbourhood of z. But these morphisms agree on intersections, giving a morphism
αXY : LX → LY defined on UXY . This bundle morphism must be an isomorphism,
since LCM,X → γ∗XY LCM,Y is a bundle isomorphism.
Let ξX : LX →MX × C and ξY : LY →MY × C be trivialisations. Then
(4.5) ξX ◦ α
−1
XY ◦ ξ
−1
Y : UXY × C→ UXY × C
can be viewed as a function ψXY ∈ O∗(UXY ) in the usual manner. We show that
the collection of ψXY define an element of H
1(M,O∗), and hence produce a line
bundle.
We first show that ψXY = ψ
−1
YX . As above, we fix z = πX(z
′
X) = πY (z
′
Y ),
and a map γYX : V
′
Y → V
′
X ⊂ WX , defined now in a neighbourhood V
′
Y of z
′
Y
which may be different from VY . The induced morphism LCM,Y → LY is GY -
invariant as above, and for our purposes it is sufficient to show that αYX = α
−1
XY .
We show this at the point z itself, as the argument is the same for any point
in a neighbourhood of z. We may choose zX , z
′
X , zY , z
′
Y in the preimage of z to
have closed orbits. By Proposition 3.7, we know that zX ∈ GX .z′X and zY ∈
GY .z
′
Y . By equivariance of the objects involved, we may therefore assume that
zX = z
′
X , zY = z
′
Y . We consider the open neighbourhood VY ∩ (γXY ◦ γYX)
−1(VY )
of zY , where we have two isomorphic universal families. By functoriality of the CM
line bundle, for each of these universal families, the CM line bundle is actually the
same. It follows that LCM,Y → (γXY ◦ γYX)
∗LCM,Y descends to the identity map
id = αY X ◦α
−1
XY : LY → LY , which implies ψXY = ψ
−1
YX as desired. The argument
to show ψXY ψY ZψZX = id where defined is identical, with slightly more laborious
notation. This, therefore, constructs a Q-line bundle L →M.
We next show that this construction is independent of chosen charts. By passing
to a common refinement one can assume that the charts are actually equal, with
transition functions ψXY and ψ
′
XY defined on these charts. The argument is essen-
tially the same as that of the previous paragraph. Suppose πX : WX →MX and
πX′ :WX′ →MX are the two local charts. Then, around any z ∈WX , one obtains
local maps WX → WX′ under which the CM line bundle on WX′ pulls back to a
bundle canonically isomorphic to the CM line bundle on WX . Then the previous
paragraph shows that the transition functions constructed can be taken to be the
same, showing that the construction is indeed independent of chart.
Finally, suppose that (X ,H) → B is a family of cscK manifolds. We show that
HCM → B is isomorphic to the pullback p∗L through the moduli map p : B →
M. The bundle L is defined through its transition functions, and the transition
functions of p∗L are just the pullback of the transition functions. Cover B by open
sets UXb such that each UXb is mapped to the Kuranishi space for the fibre (Xb,Lb).
We then have morphisms
UXb →WX →MX
which is just the definition of the moduli map. By functoriality of the CM line
bundle, through these morphisms we obtain a canonical isomorphism HCM |UXb
∼=
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p∗L|UXb . As above, these local isomorphisms glue to a global isomorphism HCM
∼=
p∗L by the same transition function argument.

So far we have constructed a Ka¨hler metric ηWP onM and a line bundle L →M.
As these are both canonical objects, it is natural to ask how the two are related.
Our next result shows that the Weil-Petersson metric is actually a Hodge metric,
arising as the curvature of a Hermitian metric on L.
Theorem 4.10. The Weil-Petersson metric ηWP is an element of c1(L).
Proof. We begin with the local statement, so let (WX ,LCM,X) → (MX ,LX) be
a local chart. By Fujiki, ΩX is the curvature of a Hermitian metric hWP,X on
LCM,X [29, Theorem 8.3]. A result of Sjamaar states that this condition descends
to the GIT quotient, so that the Ka¨hler metric ηWP,X induced on MX is the
curvature of a Hermitian hX metric on LX [59, Theorem 2.17]. We already know
both the line bundle and the curvature of these metrics glue, and what we need to
prove now is that the metrics themselves glue. That is, s be a trivialising section
of L over an open set UXY =MX ∩MY ⊂M, we need to show that the norm of
s using hX is equal to the norm of s using hY .
The section s pulls back to a GX -invariant trivialising section π
∗
Xs of LCM,X . By
Sjamaar’s construction, the norm of s using the metric hX at a point z is defined
to be the norm of the section π∗Xs at a zero of the moment map in the preimage
π−1X (z), which is well defined by KX-invariance of the metric. We similarly obtain
a GY -invariant trivialising section π
∗
Y s of LCM,Y , and the norm of s at z using
hY is by definition the norm of π
∗
Y s at a zero of the moment map inside π
−1
Y (z).
Let zX , zY be zeroes of the respective moment maps inside π
−1
X (z) and π
−1
Y (z)
respectively. Summing up, what we need to show is that
|π∗Xs(zX)|hCM,X = |π
∗
Y s(zY )|hCM,Y .
There is a morphism γXY : VX → VY with VX and VY neighbourhoods of zX , zY
respectively with γXY (zX) = zY and such that the universal family over VY pulls
back to the one over VX . The diagram
VX VY
UXY
piX
γXY
piY
commutes, pulling one universal family back to the other, so that π∗Xs = γ
∗
XY π
∗
Y s.
The CM line bundles LCM,X and LCM,Y are pull-backs from J 2k of a universal
line bundle E → J k2 constructed by Fujiki [29, Theorem 8.1], where E admits
a Hk2-invariant Hermitian metric hE which pulls back to the metrics hCM,X ad
hCM,Y on LCM,X and LCM,Y . The construction of VX and VY gives embeddings
ΦX : VX →֒ J 2k and ΦY : VY →֒ J
2
k , so that Φ
∗
XE|zX = γ
∗
XY Φ
∗
Y E|zX . By H
k
2 -
invariance of the Hermitian metric on E, and the fact that ΦX(zX) = g(ΦY (zY )),
we know that the pullback of hE to Φ
∗
XE|zX = LCM,X |zX is equal to the pullback
of hE to γ
∗
XY Φ
∗
YE|zX = γ
∗
XY LCM,Y |zX . Since π
∗
Xs = γ
∗
XY π
∗
Y s, we conclude that
|π∗Xs(zX)|hCM,X = |π
∗
Y s(zY )|hCM,Y ,
as required.

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Remark 4.11. A slightly weaker statement is that if (X ,L)→ B is any family of
cscK manifolds, with moduli map p : B → M , then p∗ΩWP ∈ p∗LCM . By our
results, both of these pullbacks can be constructed directly on B, without using the
moduli map. This is actually easier to prove, and follows from a comparison of the
fibre integral formula of Corollary 4.4 and equation (4.3).
Corollary 4.12. Every compact complex subspace of M is projective.
Proof. Let B ⊂ M be such a subspace. We have shown that B admits a Hodge
metric η|B ∈ c1(LCM ). If B and η|B were smooth, it would follow by the Kodaira
Embedding Theorem that B is projective. In the singular setting we can appeal
to Grauert’s embedding theorem for complex spaces [32, Section 3], which again
proves projectivity. Note that the definition of a Ka¨hler metric we are using implies
the notion used by Grauert, as demonstrated by Sjamaar [59, Theorem 2.17].

Example 4.13. It is not difficult to construct families of cscK manifolds that are
parametrised by a compact complex space. A classical example is given by families
of Riemann surfaces of genus at least two, fibred over another Riemann surface of
genus at least two, as considered by Fine [27] in a context related to ours.
A more modern and interesting example is as follows. Consider the moduli space
of (slope) stable vector bundles over a compact Riemann surface endowed with an
ample line bundle (S,L). When degree and rank are coprime, stability coincides
with semistability and the moduli space is automatically compact [2]. Thus one
obtains compact families of stable vector bundles over (S,L). A result of Hong
states that, for a fixed stable vector bundle E over a cscK manifold with discrete
automorphism group (X,α), the projectivisation π : P(E) → X admits a cscK
metric in the class kπ∗α + c1(OP(E)(1)) for k ≫ 0 [38]. It clear from Hong’s proof
that one can take k to be uniform in families when the family is parametrised by a
compact space. Thus for any compact family of stable vector bundles, parametrised
by a base B say, one obtains a compact family of cscK manifolds parametrised by
B. It follows from Corollary 4.12 that such a B must be projective (of course, this
can also be obtained from the vector bundle theory).
One can obtain examples of compact families of extremal Ka¨her manifolds with
varying automorphism group by considering the case when the degree and rank of
the stable are no longer coprime, allowing strictly polystable vector bundles, and
applying later work of Hong and Bro¨nnle [39, 12]. The extremal condition is slightly
weaker than the condition of admitting a cscK metric, and in this example it seems
very likely that this does actually produce compact families of cscK manifolds with
varying automorphism group.
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